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M&l _
3E 91 The motion of the centre of mass

Two basic principles for forces acting on particles:

dD Sys

Momentum principle: -
t

= Fnet

... leads toconservation of momentum

Energy principle:  DE ., W, -©ther energy transfe

... leads toconservation of energy

We want to extend these naultiparticlesystems. 3



Centre of mass

We define the centre of mass for a system of particles as:

R . f; _ax
I, =a I\T - total mass =q m

total

_a MX _a MY o _ M3
XCI\/I a. M yCM a Mtotal zCM a Mtotal

total
then oy =X o EadE

For an extended body ( a continuous mass distribution) :

FCM:Miﬁdm: L osdmE o+t ymm Bt zagE

total



Velocity of the centre of mass

The importance of centre of mass lies in the fact that the
motion of the centre of mass for a system of particles

(or extended body) can often be described simply since it is
related to net force on the system.

Considem particles of total madsl which remains constant.

Then: I\/ltotal CM a. Ifnir
dr . dr.
\ I\/Itotal dCtM _a m T e

\ psys :MtotaIVCM :a rnivi

. / Velocity of it particle of massn
Velocity of centre of mass
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Application: Pull on two hockey pucks

Y Fr One puck is pulled by a
string attached to its
fo Fr centre.
MO The other puck is pulled
by a string wrapped

around its edge, which
unrolls as the puck is
pulled.

See twopucks.py




3E 9.2 Separation ofmultiparticle system energy

For a complex system

O¢
o %
4O = —
Q.W ) Ktot _ Ktrans K rot I‘evit
- ‘ \ )

Y

.. T;
) W]y Uop, Krelative
(to centre of mass)

2
— psys

totaIV CM 2 M

total

The total energy of a translating, rotating, vibrating
oxygen molecule can be written as

E[ot = Ktrans +Krot I{vib %k-ssz 2 mé



See krel.py

Which object has the greater total
momentum (magnitude)?

(1) Top object (blue)
(2) Bottom object (red)
(3) Their total momentum is the same




See krel.py

Which object has the greater total
Kinetic energy?

"

(1) Top object (blue)
(2) Bottom object (red)
(3) Their total kinetic energy is the same
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See krel.py

Which object has the greater
translational kinetic energy

(Krrang)?

(1) Top object (blue)

(2) Bottom object (red)

(3) Their total translational kinetic energy Is the same
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See RotateVibrateTranslate.py

CASE =0:

" TaVaVaVaVavals

left ball fixed- think aboutvem & vrel

CASE = 1.v_CM=0, vibration, zero external force

CASE = 2:
CASE = 3:
CASE =4:
CASE =5:
CASE = 6:

initially in motion, rotation + translation, zero external force
initially in motion, rot wib + trans, zero external force
weaker spring, O initial stretch, const force on b2

initially slightly stretched, at angle, const force
vibratiorperpto translation; zero net force
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Gravitational enerqgy of amultiparticle system

How does the centre of mass influence energy?

e.g. the change in potential energy near the surface
of the Earth is ...

DU, amy dmy dmny ..
=g(my My My ..J

:gMyCM Vi
near t he Ear t hbs—s=ta=tr—t—a—c—e=

(the centre of mass is sometimes called the
centre of gravity in this context). s
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3E 0 2 | Rotational kinetic energy

w

| Consider a rigid disk rotating
' at constant period around a

fixed axis of rotation.

2
Then the angular speedv= ?’0 (radians per second)

The translational speed of an atom or
the disk can be expressed as

az2zp 9§
| TE‘?@M‘
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Now consider four point
masses held rigid as shown,
rotating at constarw

1. 2
Krot zégnl(Wn‘l) +mz( W"Z)

2

_1‘ 2 2 2 2 2 _1
SOEML Mry My mr, gt =0
where | =mrZ s, mr, mer, | s indment @i inertiad

In general for a collection afpoint particles | =g mr?
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Moment of inertia of a thin rod \

Slice up the rod of length and

total masdM into N segments. AXx
_ L | ! |
Since Dx :N X;=—L{2 — % = xp=+L/2
then DM MM I\A:EX
N L/Dx L
AW, DX & M
Then DI H ND)x: S‘@wT o T_an X
(; -
N M N,
Total moment of inertia 1 =3 D T ax’ x
n=1 n

Let Dx - O then I:% nxzdx == ML
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Moment of inertia of a ring (bicycle wheel)

Slice up the ring of radiuk and
total masdv into N segments.

2,0R Dx

Since Dx and— =
R

then DM —M :M I\A:%

Then DI H M)R’ %/I% R
g :

2 2p
MR Mg = MR22p M2
20 2 p

Let Dg - O then]| =

1

N 2pRDx 2y
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Moment of inertia of a thin disk

Slice up the disk of radiuR and total
massM and ared into N concentric
rings, each of thicknedsr

ﬁM—Zpr r
pR

OM ~
Then DI { M)r? S 2
en 1 ND)r ge-b?,orrr@2

R
let Dr -0 then I:2—Mﬁ3dr = éI\/IR2
R’ 2

0
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So we can see that the moment of inertiss a measure of the
rotational inertia of a body, and plays the same role for
rotational motion that the mass does for translational motion.
We can seéhat | depends both on the mass of the body and
how that mass idistributed.

Moments of inertia can be calculated for any shape of body for
rotation about any axis from the formula

| = ffdm
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Some moments of inertia for rigid bodies

a thin rod of a thin rod of
lengthL lengthL
I I
I I
/ |
I =AMLZ

12

a solid sphere a hollow sphere

of radiusR of radiusR
| |
O O
: 1
_ 2 _ 2
| =2MR | =2MR

4@

- — — axis of rotation

a thin hoop of

radiusk a solid cylinder

of radiusR

=1MR?

a hollow cylinder
: of inner radiusR,
|

| =MR?

a thin plate

AY. =

| =iM @ %) |

(O] [=

MR R)



Demonstration

ORR
O

A solid cylinder and a hollow cylinder are raced down an incline
If the outer radii are the same and the masses are the same, th
which reaches the bottom first, and why?

21



Rotational Kinetic Enerqgy

Ko =3my $my +my

=imr, e #mzr 14 1I-m3r wo...
For arigid body

=1(q mr®) w rotating about
fixed axis

\ Krot :%I ,/,/2

A body that rotates while its CM undergoes translational
motion will haveK .,

Krow = K K =3 Mv* ow B c:MW2

trans rot
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Consider a solid sphere
(massmand radius,)
rolling without slipping
down an incline of heigHt.

Total energy at heightis K55+ Ko + Uy =imv # I’ mg

Total energy atthe togg E0O,w=0) =mgh
Total energy at the bottorrimv 4 1w/

| for a solid sphere for axis of rotation through centé&ys;

and sinces = V[angential :rd/’/
2
- v
Conservation of energymgh = 1 mv  +1 @ myf)—
r
..giving ... v=,/2gh °

If the ball slipped (no friction)v=42gh >v, JF2af o2



Rigid rotation about a point which is not the centre of mass

A object with knownl ,,

roM . \w IS connected to a low mass rod
’ and rotates about an axle.

Koans = $MVEy, = 3M(m1g,)" F(Mrd,) v

_lKrot :%(I\/IrCZ:M)M/2 12-|-| CM Vﬁ

Total ~ ' “trans

= 3(MIS, +1 e )W

_ 2 ~ . N\
| =Mrs, +cou Nparallel axis theoreno 24



25 radians/s

K

Total ~ ' “trans

oy =011

Example

A thin rod of mass 140 g and 60 cm

»long rotates at an angular speed of

25 radians per second about an axl
that is 20 cm from one end.

Get K, = 1.75 25



A pair of upright metre sticks, with
lower ends against a wall, are allow
to fall to the floor.

Oneis bare, and the other has a he:
weight attached to its upper end.
Thestick to hit the floor first ighe ...

(A) bare stick
(B) weighted stick
(C) eboth the sa
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Roll a pair of identical cans of carbonated cooldrink down an

Il ncline. You wonot be suropr.i
Now shake one of them so bubbles form inside, then repeat the
experiment.

Now...

(A) the shaken can wins the race
(B) the shaken can loses the race
(C) both cans still roll together.




Two balls of mass 0.7 kg are connected by a low mass
rigid rod of length 0.4 m. The object rotates around a
pivot at its center, with angular speed 13 radians/s.
What is the rotational kinetic energy of this object?

(1) 484 J
2473 3 w
(3) 2.37 J

(4) 0.056 J
(5)0J
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A diatomic molecule such as
molecular nitrogen (N consists of
two atoms each of mads, whose
nuclel are a distanakapart. What is
the moment of inertia of the molecule
about its center of mass?

(1) Md?
(2) 2Md*
1.2
(3) 2l;/ld
(4) 2 Md

(5) 4amd?
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M& The point particle system

3E9.4

Real system:
Forces act at different locations

Path of
center of

mass of
real system

Path of

point-particle
e system
M '\%

Point-particle system:
All forces act at the same location

A point particle system has
the same mass as a real
multiparticlesystem, but all
ItS mass IS concentrated into
a point particle located at the
centre of mass of the real
system.

For a point particle system:

dp.. -
= = |:net
dt
f —
DKtrans :I:Fnet.dr CM
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The point particle system : jumping up

Fy

M\.) Fpet=Fny— Mg

lMg
1 -

DK —fZMng 0 [F.rdfcy (F Mgt
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M&l . . . .
3E 10.1 Internal interactions in collisions

A collision is when two bodies interact over a short time interva
The forces that the bodies exert on each other are usually so

strong during the collision that all forces acting on a body may |
ignored. A

During a collision between two / P12
bodies (1 and 2), the contact force
exerted by one body on the other
jumps from zero to a very large

value and then abruptly drops to

zero again. >
t ot ot

The time interval Dt =, t IS usually very small.

Note that F, = F,, for the collision
33



Whenever an interaction occurs in a system, forces occur in
equal and opposite pairs.

Which of the following do not always occur in equal and
opposite pairs?

(A) Impulses
(B) Accelerations
(C) Momentum changes
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